On a "zero mass" nonlinear 
Schrodinger equation 

A. Azzollini * & A. Pomponio^ 

Abstract 

We look for positive solutions to the nonlinear Schrodinger equa- 
tion -e'^Au-V{x)f'{u) = 0, in M^, where V is a continuous bounded 
positive potential and / satisfies particular growth conditions which 
make our problem fall in the so called "zero mass case" . We prove an 
existence result for any e > 0, and a multiplicity result for e sufficiently 
small. 

1 Introduction and statement of the results 

In this paper we study the elhptic equation 

-An - V{x)f{u) = 0, in M^, 
n > 0, {V) 



where ^ 3, 1/ : M and / : M ^ M. We are interested in the so 

called "zero mass case" that is, roughly speaking, when /"(O) = 0. 

When \^ is a positive constant, such a problem has been intensely stud- 
ied by many authors. Some results have been obtained by [H [HI [26], if / 
corresponds to the critical power ^(^+2)7(^^-2)^ and by [101 [IH [121 [21] , if / 
is supercritical near the origin and subcritical at infinity (see also [9] for the 
case of exterior domain and [0] for complex valued solutions). 

Up to our knowledge, there is no result in the literature on problem fjPj) 
when V is not a constant. Our aim is to investigate this case. More precisely, 
we will assume the following hypotheses on V : — M 
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(VI) V G C(M^,M); 

(V2) Ci ^ V{x) ^ C2, for all x G M^; 

(V3) limsup|y|^(,o V^(?/) ^ V{x), for all x G M^, and the inequality is strict 
for some x G M^; 

and / : R — s> R satisfying 

(fl) / G C2(M,M) and even; 

(f2) Vt G R : f{t) ^ C3min(|t|f, It]"); 

(f3) Vt G R : ^ Cimm{\t\P-\ 

(f4) 3a > 2 such that Vt G R \ {0} : af{t) ^ f'{t)t < f"{t)t^; 

with 2 < p < 2* = (2A^)/(A^ - 2) < q and Ci, C2, C3, C4 positive constants. 
These particular growth conditions on / were introduced by [8] to study the 
semilinear Maxwell equations. 
We get the following result: 

Theorem 1.1. // / satisfies (fl-4) and V satisfies (Vl-3), then problem 
possesses at least a nontrivial solution. 



We also consider the singularly perturbed version of problem (j^, namely 
we look for solutions of the problem 

-e^Au - V{x)f'{u) = 0, in R^, 

n > 0, (n) 



u 



G P1'2(R^), 



for e > sufficiently small. 
Replacing (V3) by 

(V4) limsup|^.|_^\/(x) < sup^.gKiv 1^(a;), 

we get the following result: 

Theorem 1.2. // / satisfies (fl-4) and V satisfies (Vl-2) and (V4), then 
problem (\V^\j possesses at least a nontrivial solution, for e sufficiently small. 

Observe that, since (V3) implies (V4), the introduction of a small param- 
eter e > allows us to obtain an existence result assuming weaker hypotheses 
on the potential V. 
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Actually the introduction of the parameter e allows us to get a stronger 
result then Theorem 11.21 
We set 

M :=(r/ G I VM = max 1/(0 1, 

and for any 7 > 0, 

:= (r/ G I inf |h - <: 7 

Observe that M ^ 0, by (V4). 

We get the following multiplicity result 

Theorem 1.3. IfV satisfies (Vl-2), (V4) and f satisfies (fl-4), then, for 
every 7 > 0, there exists e > such that the problem has at least 
ca.tM.y{M) nontrivial solutions for any e G {0,e). 

Here cat A.f^(M) means the Lusternik-Schnirelmann category of M in M^. 

Remark 1.4. The evenness of the nonlinearity f is required just to obtain 
positive solutions for problems and dPgl ). If we are not interested in the 
sign of solutions, the evenness hypothesis can be removed. 

This paper has been motivated by some well known works, such as [2], [3], 
[ISlIiniinillHlESlEniESlETlEH], where the nonlinear Schrodinger equation 

-e^Au + K{x)u = R{x) \u\''"\, in 

has been studied for 2 < r < 2* in the "positive mass case" , namely when K 
is bounded below by a positive constant (see also pQ for the p-Laplacian). 

In Section [21 we take a variational approach to and l\Ve\l - The key 
point of this section is Theorem 12.81 which, in the same spirit of [I3l [25] , 
guarantees the compactness at mountain pass level under a suitable value. 
By means of this theorem, we prove Theorems 11.11 and 11.21 Even if Theorem 
11.21 follows immediately from Theorem II. 3^ we prefer to prove it directly in 
this section since it is strictly correlated with Theorem 12.81 

In Section [3], following [H [15], [IE], we look at the topological and com- 



pactness properties of the sublevels of the functional associated to d^j ) , in 
order to prove Theorem 11.31 



2 Existence results 



Throughout all this section, we will suppose that the hypotheses (fl-4) and 
(Vl-2) hold. 
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In order to find weak solutions of tlie problem (jP]), we define the func- 
tional /: V^'^iR^) - 



as: 



Ku) 



\Vu\ 



V{x)f{u) dx, 



where V 



l,2(m>N\ 



is the completion of C^(M. ) with respect to the norm 



IVmI 



Observe that, by the growth condition (f3), the functional / is well defined 
and of class C^, and its critical points correspond to weak solutions of fjPj) . 
Moreover we denote by A/" the so called Nehari manifold of J, namely 



\{0} 



IVmI 



V{x)f'{u)udx } . 



Using similar arguments as those in we can prove 
Lemma 2.1. 1. M is a manifold; 

2. for any u ^ there exists a unique number 6 > such that 9u & M 
and 

I{9u] = maxl(6u): 

3. there exists a positive constant C , such that for all u G M , ^ C . 
By 2 of Lemma mH the map 6 : V^''^{R^) \ {0} R+ such that for any 



is well defined. 

Set 



I(6(u)u) = max I (6u) 



Ci = inf max I(q(6)): 
Co = inf max/(6'u): 
C3 = inf /(u); 

MS A/ 



where 



r = {geC{[0,l],V''\R''))\g{0) = 0, ^ 0, (7(1)^0}. 

Arguing as in [251 Proposition 3.11], we also have 
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Lemma 2.2. The following equalities hold 

c = c{V) := Ci = C2 = Cg. 

Observe that, since we are in unbounded domain, there is a lack of com- 
pactness. In particular, it is in general not true that the (PS)-sequences, 
namely sequences of the type C ^'^'^(R^) such that 

(J(m„))^ is bounded and /'(m„) — » 0, 

admit a converging subsequence. Moreover, the presence of the potential 
V does not permit us to use any symmetry to recover compactness in a 
suitable natural constraint of V^''^{M.^). In order to overcome this difficulty, 
we are going to use a concentration-compactness argument as in [5] (see also 

mm)- 

The following lemma provides the boundedness and the concentration of the 
(PS)-sequences (actually we consider a more general situation). 
In the sequel {Vn)n is a sequence of potentials satisfying (Vl-2) uniformly, 
{In)n is the sequence of the functional defined by 

W ■■= \ I |VMp - / K(x)/(m) 

and c„, := c(Ki). 

Lemma 2.3. Let < a ^ b. If (n„)„ C P^'2(]R^) is such that 
a ^ /„(n„) ^ b and I'^iu^) 0, 

then 

1- {un)n is bounded in the 

2. there exist a sequence {yn)n C and two positive numbers R, > 
such that 

liminf / {unl"^ dx > fx. (2) 

In particular, there exists a positive constant S > such that, for any 
n sufficiently large, 

[ f{Un)>5. (3) 
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Proof 1. For n sufficiently large, by (f4), we have 

b+ \\Un\\ ^ /„(«„) - -(/^,(«n),Mn) 

a 

^ - - ) ll^nf + / Vnix) (-f{Un)Un - f {u^) 

2 a .hsN \a 



|2 



2. Suppose, by contradiction, that inequality ([2]) does not hold. Then, for 
any i? > 0, we should have 

liminf sup / \un^dx = Q. 

By [5l Lemma 2], up to a subsequence, 

lim / = 

which, by (f2) and (f3), implies also 

f'{Un)Un 0. 

Therefore 

a + 0^(1) ^ /„(n„) - 

- /(m„)^ = o„(l), 
which contradicts a > 0. 

By (f2) we get ([31). □ 

Lemma 2.4. Lei n„j G •^^•^(IR^), n ^ 1, j ^ 1, snc/i i/iai ^ C > 

and 

max J„(6'm„j) ^ c,^ + 5,-, (4) 

wzt/i 5j O'^. Then, there exist a sequence {yn)n C anc? iwo positive 
numbers R, fi > such that 



n 



liminf / \un\ dx > /x, (5) 
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where we have set Un '■= Ur, 
In particular, there exists a positive constant 6 > such that, for any n 
sufficiently large, 

^ /K)^5. (6) 



Proof Observe that, for any fixed u E ^'^'^(M^), u ^ 0, there exists ^ > 
such that In{Ou) < for any 9^9. 

As a consequence, the map : [0, 1] V^''^(R^) defined by 

9nAG) = 09u 
is in r„ (which is defined in a natural way) and 

max In(Qnu(9)) = Taa.xln(9u). 

For any Unj, consider the map gn,j defined as before. By ([4]) and [21], Theo- 
rem 4.3], there exist two sequences {wn,j)n,j C ©"^'^(M^) and {9n,j)n,j C [0, 1] 
such that 

\\Wn,j - gnj{9n,j)\\ ^ S]^^ , (7) 

l|/;K,,)K^f- 

Now we set w„ := Wn,n and analogously we do for 9n,n and By 
definition, for n ^ 1, there exists tn > such that gn{9n) = t^Un- 
Since {wn)n satisfies the hypotheses of Lemma [^751 it is bounded and there 
exist a sequence {yn)n C and two positive numbers R, fi > such that 



liminf / \wn\ dx > /x. 

Moreover, by ([7]), we have 

Ctn ^ \\tnUn\\ ^ \\tnUn - Wn|| + ^ /l.^^ + \\Wn\\ ^ C", 

that is (tn)n is bounded. 

So ([S]) follows immediately observing that 

/i^/^ < ||w„||i2(B^(j^„)) ^ \\Wn -tnUnWl^Baiyn)) + II ^n^n || L2(b^(j^„)) 

^ C"(||u;„ - tnUnW + lhn||L2(Bfl(j/„))) 
^ C"{hl/^ + ||n„||L2(s^(y„))). 
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By (f2), we get ®. □ 

Let V be another potential satisfying (Vl-2) and assume the following 
notations: 

i{u)= ! \Vu\^-l V{x)f{u)dx, 

Jri^ Jri^ 

M is its Nehari manifold and c = ciV). 

Lemma 2.5. Let {un)n C r'^'^(M^) such that = 1 and 

I{6{un)un) = maxl{9un) — > c(y), as n ^ CO. 

If V is another potential satisfying (V 1-2 ) ( eventually V = V ), then the 
sequence {6{un))n C M+ such that for every n 

i{d{un)un) = maxi{9un), 
possesses a bounded subsequence in M. 

Proof If, up to a subsequence, for all ^ 1, 6{un) ^ 1, then we are done. 
Suppose that 0{un) > 1. Then, for all n ^ 1, by (f4), we have 



[ V{x)f{e{u^)ur,) 



^ a[e{Un)r / V{x)f{Un). 

Since a > 2, the conclusion follows from Lemma [2.41 and (V2). □ 

Lemma 2.6. Let f satisfy (fl-4), V and V satisfy (Vl-2). 

1. IfV ^ V, then c^c. 

2. If there exists 6 > such that V + 6 ^ V, then c> c. 
Proof 1. For all u G V^'^{R^), n ^ 0, we have 

c = inf sup I{6u) ^ sup I{6u) ^ sup I{6u) 
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and then the conclusion. 

2. By contradiction, suppose c = c and let {un)n C A/" be such that 

I{Un) ^ C. (8) 

Consider the sequence {6{un))n C M+ such that, for every n, 

i{6{un)un) = maxi{9un). 

We have 

I{Un) > I{e{Un)Un) = /(^(Un)Un) + / {V (x) - V (x))/(^K)u„) 
^C + S fie{Un)Un), 

Jrn 

so, by ([H]), we deduce that 

/ /(^KK)^o. 

By (f2-3) and (V2), 

/ t/(x)/'(^KK)^KK^o, 

Jrn 

so, since 6{un)un G A/", we conclude that 

^ 0. 

This fact contradicts 3 of Lemma 12.11 □ 

Lemma 2.7. Suppose that f satisfies (fl-4) and V, V„ satisfy (Vl-2), for 
all n ^ 1. 

IfVn-^V m i/ien c(V;) ^ c(r). 

Proof In this proof we repeat the arguments of [2S1 Theorem 3.21], so 
we skip some details. It is easy to see that we are reduced to prove the case 
Vn = V + hn, with hn 0. We first show 

c+ := lim c(V + hn) =c(V). 

By Lemma [2.61 certainly ^ c(V). By contradiction suppose 

c+ < c{V). (9) 
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Let 6j 0+. For every n,j ^ 1, by the definition of c„, there exists 
Unj e such that = 1 and 

max lJOun,i) ^ c„ + 5j. 

Denoting Un = Un,n, since V^'^{R^) ^ L^*{R^), we have 
c{V) ^ max/(6'n„) = I{9{un)un) 



= In{e{Un)Un) + /in / /(^(u 

^ max In{OUn) + K f{0{Un)Un) 

e^o j^N 

^ Cn + 6n + hn / /(6'(m 



+ 6n + K\\e{u 
<c+ + 5„, + c/i„(^K))'*. 

By Lemma 12.51 {9{un))n is bounded, and then we get a contradiction with 



Now we show 



c" := hm c{V + hn) = c{V). 



By Lemma [^31 certainly c ^ c(y). By contradiction suppose 

c" > c(y). 

Let 5„ 0"^. For every n ^ 1, by the definition of c{V), there exists a 
sequence (u„)„ C ■D"'^'^(]R^) such that = 1 and 



We have 



max/(6'u„) ^ c(V) + 5„. 



C ^ Cn ^ max In{OUn) = In{On{Un)Un) 



)-hn fie 



^ max/(6'n„) - /i„ / f{6 

6^0 



^c{V)+5n-Chn{en{Un)f. 
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Again, the conclusion follows from Lemma I2.5[ □ 

In the sequel we will use the following notations 

Vq = sup V{x)] 
Voo = limsupF(a;). 

By (V2), I/q, K» e M+. Moreover we define 

Io.iu):=l [ \Vu\'- [ V^fiu), 

Af^:={ueV''\R'')\{0} [ \Vu\'= [ V^nu)u], 
Coo := inf Ioo{u). 

The following theorem is a crucial step in view of the proof of Theorem I l.li 

Theorem 2.8. Suppose that (fl-4) and (Vl-2) hold. Let V > be such 
that 

Then either c is a critical value of I or c ^ c. 
Proof Suppose 

< V. (10) 

By Lemma there exists a sequence {un)n in I^^'^(ffi^), such that = 1 
and 

max/(6'n„) — 5> c, as n — > oo. (11) 

For any m„, we construct the function G F as in the proof of Lemma [2 .41 
Since for any 1 

max I(qniO)) = iaa.x I(9un), 
ee[o,i] ^ 6i>o ^ 

by [211 Theorem 4.3] there exist a sequence {wn)n in I^^'^(M^), hn > 0, 
hn —>■ and 6n G [0, 1] such that 

\\Wn-9n{en)\\^hl/\ (12) 
\I{Wn) - C| < hn, (13) 

\\I\wn)\\^hl/'. 
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Since {wn)n is a (PS)-sequence at level c, by Lemma 12.31 it is bounded and 
therefore there exists w e P^'^(M^) such that, up to a subsequence, 

Wn^w, weakly in r'^'^(M^), 

Wn w, strongly in Lf^,(M^). (14) 

It is easy to see that w is a critical point of J, then we need only to check 
whether w ^ 0. 

By (11 01) . there exists p > 0, such that for all |x| ^ p we have V{x) ^ V. 
Then, for all a > 0, we get 

max J(6'm„) ^ I(aUn) 

+ / (V- V{x)) f{aun) 



Bo 



^i{aun)+ / (V -V{x))f{aun). 



Taking a = 9{un), where 9{un) > is such that 

i{d{un)un) = max/(6'u„). 



by Lemma [2.21 referred to /, we get 

maxl{eun)^c+ [ (V -Vix)) fie{un)un). (15) 

J Bp ^ ^ 

By Lemma [231 (6'(u„))„ is a bounded sequence. 

Now, according to the definition of for every n ^ 1 consider the number 
tn>0 such that gn{On) = tnUn] by ([12]) 

ll'W^rillLP(Bp) ^ WtnUnWlPiBp) — \\Wn — tnUn\\LP{Bp) ^ || ^n^n || LP(Bp) — h]!'^ . (16) 

Observe that (tn)n. is bounded below by a positive constant; otherwise, since 
{un)n is a bounded sequence, I{tnUn) along a subsequence, which con- 
tradicts ([12]) and ([13]). 
We consider two possibilities: 

• there exists a positive constant 7 such that, for any n ^ 1, 

\\Un\\LP{Bp) ^ 7; (17) 
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\\Un\\LP{Bp) 0, 



as n — > oo. 



If ( 1T7I) holds, then from (fT6l) we deduce that there exists a positive constant 
7' such that 

WWnhpiBp) > i 

and this, by dH]), ensures that w 7^ 0. 

Moreover /(w) = c. Indeed, since w G A/", certainly /(w) ^ c. On the other 
hand, by (f4), for any p' > 

K^n) - \{l\Wn),Wn) = [ V{x) (^f'{Wn)Wn - f{Wn) 



and then, passing to the limit, by ( |T4l) and the arbitrariness of p', we have 
Hence c is a critical value for I. 

Suppose, at contrary, that (1181) holds. Then, by (ITT]) . 0151) . Lemma [2.51 and 
the continuity of the functional 



u E LP{Bp) ^ [ 

J Bp 



fin), 



we have that c ^ c. 
Finally, if 

then the conclusion follows from Lemma \2.7\ using similar arguments as 
in [25]. □ 



Theorem 2.9. Suppose that f satisfies (fl-4) and V satisfies (Vl-3). Then 
c is a critical value for I. 

Proof We apply Theorem 12.81 for V = V^. 

By [IQ] (see also [9]), there exists w, a ground state solution for the problem 

-An = V^f'iu), in M^, 
u > 0, 

u G I?i'2(M^), 
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namely, w G A^oo and looiw) = Cqo- 

Let 9{w) > be such that I{6{w)w) = maxQ^Q I {9w) . By (V3), we have 
Coo = Ioo{w) ^ loc>{0{w)w) 

= i{e{w)w) + [ {v{x) - v^)f{e{w)w) > c, 



and hence, by Theorem 12.8^ we conclude. □ 

Proof of Theorem 11.11 By the previous theorem, there exists u G 
such that I[u) = c and I'{u) = 0. First of all, we prove that 
u does not change sign. Suppose by contradiction that u = u'^ + u~ , u"^ ^ 0, 
where = max{0, u} and u~ = min{0,u}. It is easy to see that G A/", 
so I{u^) ^ c: the contradiction arises observing that I{u) = I{u^) + I{u~). 
Now, since / is even, we can suppose that m ^ 0. By the strong maximum 
principle, we argue that m > and so it is a solution to problem ( iPl) . □ 

If we look for solutions of the problem 

-e^An - V{x)f'{u) = 0, in M^, 
n > 0, (n) 
u G pi'2(R^), 

for e > sufficiently small, we can weaken the hypotheses on V, replacing 
(V3) by (V4). 

By the change of variable x i— > ex, the equation can be reduced to 
the following one 

-Am = V{ex)f'{u), 
whose solutions correspond to the critical points of the functional defined on 

^siu) = l- / \Vu\'^dx- / V{ex)f{u)dx 
2 Jrn J^n 

restricted on the Nehari manifold 

A/; := \u G V^^\R^) \ {0} f I Vwp dx= [ V{ex)f'{u)u dx\ . 
We denote by q the mountain pass level of the functional /g, namely 

Ce = inf Ie(u). 
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By means of Theorem l2.8l we will prove that, for small e, q is a critical value 
for Jg. 

We need two preliminary lemmas. As in Lemma 3.2 of [9] we can prove 
the following 

Lemma 2.10. There exists C > such that for all e > and, for allu G Ne, 
we get \\u\\ ^ C. 

Now fix r/ e and let 
W = \l \Vu\^dx- f V{7])f{u)dx, 

2 Jrn 7irjv 

Mri = \ueV^'\R^)\{0} [ \Vu\^dx= I V{r])f'{u)udx\ , 

and c(?7) := c{y{vi)) be the mountain pass level of Consider 0*^ a ground 
state solution of the problem 

-An = V{7])f'{u), in M^, 
n > 0, 



for any e > define 

and let > be such that 6'^0^ G Ne. The following result holds 
Lemma 2.11. For any rj G M^, tt;e g'ei 

lim/,(^,^0^) = c(r/). 

Proof First we show that {0^)s>o is bounded. If 9] ^ 1, we are done; 
otherwise by some computations we have 

(e^r ! iv0^p = / v{ex)f{e20m0: ^ « / ^(^^)/(«) 



and then, by a change of variable, 

|V0^|^ ^ / /(0''), 
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from which we deduce that (6'^)£>o is bounded. 

Let 9^ ^ he such that, up to a subsequence, 9"^ 9"^, as e ^ 0. Since 
9^0^ e A4, by Lemma EHO] we have that 

^^110'' II = ^^^11 0^11 = II ^^^0^11 ^ C. 

and then 9^ ^ 0. We prove that 9^ = 1. 
Indeed 

[ viv)n0')0' = mf I \W0^\' = [ 

V{ex)f{9M)9M 
V{ex + 'n)f\9l0^)920\ 
Letting e ^ and using the Lebesgue's theorem, 

{9"^)^ I V{7])f{0'>)0'' = I V{7])f'{9^0'')9'>0\ 



so 

{f'{9''0V0"' - f'{0''W0'') = 0. 
Since for any 2; G M, -z 7^ 0, the function 

vanishes only for t = 1, we deduce that 9"^ = 1. 
In conclusion 

Ie{9M)=^^f m\'-f V{ex)f{9M) 
^ Jrn Jrn 



(0, 



1? 



I I V0^p - / V{ex + v)f{.O'l0'^) ^ /,(0'') = c(r/). 



2 

and the proof is complete. □ 



Arguing as in the proof of Theorem 11.11 Theorem 11.21 is an immediate 
consequence of the following 

Theorem 2.12. Suppose that f satisfies (fl-4) and V satisfies (Vl-2) and 
(V4). Then there exists e > such that for any e G {0,e), q is a critical 
value for 1^. 
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Proof Suppose by contradiction that for any e > there exists e < e such 
that Ce is not a critical value for I^. Then, by Theorem 12.81 there exists a 
sequence Sn \ O"*" such that (c£„)„ is bounded from below by Coo- 
By (V4) there exists rj G such that V{ri) > Voo, so, by 2 of Lemma [2.61 

c{v) < Coo ^ Ce„. 
On the other side, by Lemma [2.111 we know that 

Ce„ ^ IeAdl0l) ^ civ) 

and so, for Sn sufficiently small, we get a contradiction. □ 



3 A multiplicity result 

This section is devoted to the proof of Theorem 11.31 In view of this, from 
now on we assume that all the hypotheses of Theorem 11.31 hold. 
Set 

Co := in.f 

By Lemmas 12.61 and 12.71 we have that 



Co = c{Vo) = inf Io{u) 



/o(w):=^ / |Vm|^- / Vofiu) 



where 

Uv) : = 

2 



Mo:={ueV''\R'')\{0} [ \Vu\'= [ Vonu)u]. 

As a consequence, 

M := It] eR^ \ V(r]) = maxVin] = (7/ G I c„ 



Co 

moreover. Lemma [2.61 and (V4) imply that M is compact and 

Co < Coo- (19) 

For all a G M and e > 0, we define := {m G TV^ | /^(m) < a}. 

To prove Theorem 11.31 we will refer to the following abstract multiplicity 
theorem (see [21] ) 
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Theorem 3.1. Let M. he a C^'^ complete Riemannian manifold modeled 
on an Hilhert space and J he a functional on Ai hounded from helow. If 
there exists b > inf_A4 J such that J satisfies the Palais-Smale condition on the 
suhlevel J^^(— 00,6), then for any noncritical level a, with a < b, there exist 
at least cat ja[J°-) critical points of J in J"^, where J" := {m G 7W | J{u) ^ a}. 



So, in order to solve ^P^ , we need to study the topology of the sublevels 



of the functional Ie\Afe, which is positive by (f4). In particular, we will 
compare the topology of the sublevels of Ig with that of M using the following 
lemma, which is a consequence of the definitions of category and homotopic 
equivalence (we refer to [7j for more details) 

Lemma 3.2. Let e > 0, a E M. and 7 > 0. // there exist tjj : M ^ and 
/3 : ^ two continuous maps such that fioip is homotopically equivalent 
to the embedding j : M — > M^, then cat/<i(J") ^ catA/^(M). 

Taking these two results into account, the proof of Theorem 11.31 can be 
divided in two steps: the study of the topology and the study of the com- 
pactness of the sublevels. 

The subsection 13.11 will be devoted to the construction of the maps ip and (3 
in such a way we can relate the topology of a suitable sublevel of /e|A/i with 
that of M. 

In subsection 13.21 we prove the compactness of the Palais-Smale sequences in 
a suitable sublevel of Ie\j\f^, which is guaranteed by assumption (V4) and a 
concentration-compactness argument. 

Finally, in subsection 13.31 we give the proof of Theorem 11.31 
3.1 The topology of the sublevels 

Fix 7 > 0. For any e > define the map (3e ■ V^'^{R^) \ {0} as 



(3eiu) = '^'' / , forall«Gl?^'2(M^)\{0}, 

where x '■ '^'^ is defined as 

J X if |x| ^ p, 
^^""^ I PR if 1^1 > 

with p > such that C Bp = {x eR^ \ \x\ < p}. 

It is easy to see that for any e > the map /?£ is continuous. 
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Lemma 3.3. For any u G •^^'^(IR^) \ {0}, £ > 0, 77 G M, denote by 

Ue,n : X G ^ m(x - 7]/e) G M. 

Then 

lim/?,(M,,,)=r/, (20) 

uniformly in M. 

Proof By some computations 







\^x{£x) dx 4^ 


\Vu\ 


+ 77) dx 








p dx 




\Vu\ 


\'^ dx 





|Vm| 


+ //) — 77) dx 




\Vu\ 


dx 





V-up + rj) — rj\ 






|Vn| 





= rj + 

So 



lim sup -ri\ ^ lim sup ^ ^ ^ = 

since, by the compactness of M, for any 6 > there exist r,e > such that 
for all ?7 G M and for all e G (0, e) 

I Vup|x(£x + 77) — r/l (ix ^ er / \Vu\'^dx + 2p / |Vnp(ix^5. 

□ 



Now we introduce a technical lemma which describes a sort of com- 
pactness for any sequence (m„)„ such that for all n ^ 1, Wn £ A/'e^ and 
hS'^n) ~^ Cq. Observe that such sequences exist by the definition of Cq and 
by Lemma [2 .Hi In the proof, we will follow an idea of [1]. 

Lemma 3.4. Let 0"'', as n ^ 00, and, for all n ^ 1, u„ G Me^ such 

that 

\im I e^Un) = Cq. (21) 
n 

Then there exists a sequence {rin)n in- IR^; rj E M and v G P"^'^(]R^), sitc/i 
that 

1- Vn Vj as n oo; 

2. Vn '■= Un (■ + rjn/Sn) V in V^''^{M^), as n ^ oo. 
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Proof Since for any n ^ 1 Un G A^^, by (f4) we have 

Co + 0„(1) = ( ^ - - ) ||u„f + / V{ex) \-f'{Un)Un - f {Un) 

V 2 a .Un \ a 



^ ( ^ - - 1 WUr 
2 a 



|2 



and then {un)n is bounded in T>^''^{M.^). Using [5], Lemma 2], by similar 
arguments as in 2 of Lemma 12.3^ we can prove that there exists a sequence 
{in)n C. and two positive constants R, fi > such that for any n large 
enough 

\Un\^ > /i. (22) 



Ib, 



Define Vn '■= Un{- + ^n), Vn ■= ^nin and 6'„ > such that, for any n ^ 1, 

Claim 1: there exists a positive constant C such that {6n)n C [C, 1]. 

Since (t'„)„, is bounded, by 3 of Lemma \2A] certainly {9n)n is bounded below 
by some C > 0. Moreover, since for any n ^ 1 



Jrn 



and 



we have 
that is 

'f'{enVn)n 



Vo ^ " - f'Mv^j ^ 0. 

We conclude the proof of the claim just observing that for any z G M, z 7^ 0, 
the function 

t>0^ i^Ml _ /'(^)^ (23) 
is non positive if and only if t ^ 1. 

Claim 2: /o(^„t'n) ^ cq. 
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Since {9nVn)n C A/q, we have 

Co ^ hienVn) = 11 IViOnVnW ' f K)/(^n^^n) 
^ Jrn Jrn 

^ JR^ JR^ 
^ / V{enX + r]n) ( -f'{Vn)Vn - /(t'n) ) = Ier,{Un) ^ Co, 

Jrn \^ / 

where we have used the fact that, for any 2; G M, z 7^ 0, the function 

te[0A]^ity2)f'iz)z-fitz) (24) 

is increasing. Now define Wn = OnVn- 

Claim 3: {wn)n converges strongly in T>^''^{M.^) to some w which is a ground 
state solution of the problem 

-Am - V^fiu) = 0, in M^, 

u > 0, (25) 
u G pi'2(M^). 

By Claim 2 and taking [291 Theorem 8.5] into account, we can suppose that 
the sequence (w„)„ satisfies the (PS)-condition for the functional loWo'i by 
this assumption, it can be proved (see e.g. [TB]) that (w„)„ is also a (PS)- 
sequence for the unconstrained functional. By Claim 1, the sequence {wn)n is 
bounded and then there exists w G such that, up to a subsequence, 

Wn w weakly in V^'^{R^), (26) 
Wn win L\B), with B C M^, bounded, and 1 ^ s < 2*. (27) 

Observe that w G Ao; indeed, by ( l22l) . Claim 1 and (1271) we deduce that 
w 7^ 0, while from ([26]) and ([27D it follows that /^(ty) = 0. 
So, for any 5 > 0, there exists r' = r'{5) > such that 

co^Io{w)= [ Vo(lf'{w)w-f{w) 
Jrn \z 



lim y Vo (^f'{Wn)Wn - f{Wn)^ + S, 
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from which we deduce that 



hmSUp j - l)/(w^n) ^ lim j Vq (^f'{Wn)Wn - f{Wn)^ 

= Co - lim j Vo Q/'(w„)w„ - 

^ S. (28) 

By (f2) and (f3) and ( l28ll we deduce that, for any 5 > 0, there exists r" = 
r"{5) > such that 

lim sup / Vof'{Wn)Wn ^ 5, 

therefore for any 6 > 

/ |Vu'|^ ^ liminf / |Vwn|^ ^ limsup / Vb/'(m„)wn 

JrN n Jj^N n JrN 

= lim/ \/o/'(tf;„)u;„ + limsup / Vof'{wn)wn 

^ / VQf{w)w + 5^ [ |Vwp + 5. (29) 

By ( l26l) and ( !29l) it follows that, up to a subsequence, Wn w in P^'^(M^) 
and then w is a ground state solution of 



Claim 4: (77„).„ converges to some rj & M and (wn)n converges strongly 
in ©^'^(R^) to a ground state solution of (l25i) . 

First observe that, by Claim 1, up to a subsequence {6n)n converges to some 
6q > 0. Therefore, by Claim 3, there exists a subsequence (identically rela- 
beled) of {v„)n and v E V^^'^(R^) \ {0} such that v in V^''^(R^). 
There are two possibilities: 

1- |?7n| +oo; 

2. up to a subsequence, there exists r] G such that r]n ^ V ^ ■ 

Suppose that |?7„| — + +oo as n — > cxo. 

For any fixed 5 > 0, let r = r((5) > be such that 

f{Vn) < S. 

BS 



On a "zero mass" nonlinear Schrddinger equation 23 

Since Voo = lim.sup\^\_^^ V{x), for n sufficiently large, and for all x G B^., we 
get 

V{e„X + Tjn) + 

Therefore, for n large 



V{enX + Vn)fiVn) = / V{enX + Vn) f (Vn) + 0{5) 

^[ (v;o + 5)/K) + o(5) ^ / (Ko + 5)/K) + o(5). 

JBr Jm.^ 

Passing to the limit and by the arbitrariness of 5 > 



limsup / V{enX + r]n)f{vn) ^ V^fiv). (30) 

n Jrn J^n 

Let 6^00 > be such that 9ooV G A/'oo, namely 

By (l30l) and since u„ G A^^, we have 

^ Jrn Jrn 
^^lim/ I Vt;„ P - limsup / V{enX + rin)f {9 ooVn) 

^ liminf f % / \VVn\^ - [ ViSnX + Vn)f {eocVn) 

= liminf hSO^Un) < liminf /£„(u„) = Cq, 

n n 

and we get a contradiction with (|T^ . 

So, up to subsequences, there exists 77 G such that ?7„ — 77, as n — cxd. 
By Lebesgue theorem. 



and 

[ V{enx + r,n)f\v^)vn^ f V{r])f\v)v, 
from which we deduce 

Irjiv) = Co and v G A/",,, 
that is Cq = and 77 G M. □ 
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Theorem 3.5. Let 5„ 0^, as n ^ oo. Then, for every 7 > 0, there exists 
En — > 0"*", such that, for n sufficiently large and for every e G (0,£„), 

Proof By Lemma 12.111 certainly for any n ^ 1 1^°+^^ ^ for small e. 
Now suppose by contradiction that there exists 7 > and Sn 0^ such that 
for any n ^ 1 there exists m„ G /g"'^''" and 

dist(/?,„M,M) >7. (31) 

Since by Lemma 12.61 Cq ^ for any n ^ 1 , we have 

n 

By Lemma there exists a sequence in M^, 77 G M and f G P^'^(M^), 
such that r]n ^ Tj and w„ := m„ (■ + ?7„/en) — i', in ©""^'^(M^), as n — ^ 00. 
This implies that {rjn)n C M^. 
We claim that 



lim 

n 



Jrn 

In fact, for any 5 > 0, there exists r = r{6), such that, for n sufficiently large, 

[ \Vv,f^S, I |Vt;|'^(5, 

hence, 



|Vt;n|\(£:na; + ?7„,) 


+ 











Br 



This implies that 



+ 


/ |Vf ^(x(£na; + 77„) 


- v) 


= Cb. 






















|2 
n 1 



which contradicts fl3Tl). 



□ 
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Let be a ground state solution of the problem 

-Au = Vof{u), inM^, 
n > 0, 

For any rj E M and e > define the new function 

0^ = 0(- - Ti/e) 

and let > be such that ^^0^ G Ne- We set 

: 7/ e M ^ ^^0^ G A4. 

By [9], is continuous. Moreover, arguing as in Lemma [2. IH we can prove 
the following result 

Theorem 3.6. Uniformly for rj E M 

lim/,($,(r/)) = Co. 

e— >0 

Combining the results of Lemma 13. 3[ Theorems 13.51 and 13.61 we get the 
following 

Theorem 3.7. Let 5„ O''", as n oo. Then, for every 7 > 0, there exists 
{en)n, ^ 0"*", such that for u sufficiently large and for every e G (0,£:„) we 
have 

catj„ /" ^ catjif^ M, 

where := 

Proof Let 5„ — ^ 0"^, as n — ^ oo, and 7 > 0. According to Theorem 13.61 
there exists {e'^n such that for every e G (0,5^) 

^,:ri e M ^ ^,{r]) e If +^". (32) 

By Theorem 13.51 there exists (e")n, ~^ such that, for n sufficiently 
large and for every e G (0, e^): 

Pe-.ue 1:'+'" ^ Peiu) G M^. (33) 

These last two formulas hold simultaneously for any e G (0,£:„), where = 
min{e;„e;;}. 

Moreover using Lemma [3.31 we have that, uniformly for t] E M 

lim/3e($,(r/)) = r/. 

So for every e > sufficiently small, the map o $e is homotopically equiv- 
alent to the canonical injection j : M —>■ M-y. By (l32l) . (l33l) and Lemma [3.21 
we get the conclusion. □ 
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3.2 The compactness on the sublevels 

This section is completely devoted to the study of the compactness properties 
of the Palais Smale sequences. In particular, in view of Theorem 13.11 and of 
the topological considerations in the previous section, we are interested in 
investigating the compactness properties of the sublevels of the type J" with 
a > Cq. The following result has been obtained by similar arguments as in 

Lemma 3.8. Let (f„)n C P^'^(M^) and d < Coo be such that 

Ie{vn)^d, ^0. (34) 



inV J, 



then u„ ^ m pi'^fR^ 



Proof Let {vn)n satisfy (IMl) with d < Coo, and assume that Vn 0. 
We show that ci = 0. Indeed, since {I'^{vn),Vn) 0, we have 

|Vt;„p= ! V{ex)f\vn)Vn + On{l), (35) 



and then, by (f4), 

d = Ie{Vn) - ^(/e(w„),W„) + 0„(1) 

y{^x) - /K)) + 0,(1) ^ 0„(1), 

from which we deduce that d ^ 0. Now suppose by contradiction that d > 0. 
It is easy to see that the conclusions of Lemma 12.31 hold also for (t'„)„, so 
there exist a sequence {yn)n C. and three positive numbers R, fi, 6 > 
such that 

li^mf/ l.J'i.>,, (36) 

and 

/ f{Vn)>6. (37) 

Let {9n)n C. M+ be such that 9nVn € A/'oo- We prove that (6'„)„ is bounded. If 
6*^ ^ 1 we are done; otherwise, since by (f4) 

Ol [ \^Vn\^ = [ V^f{e^Vn)enVn > aO^ [ Ko/(^n), 

Jm^ Jr^ Jrn 
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the conclusion follows by the boundedness of (t'„)n in P^'^(M^), (f2-3) and 

dSID- 

We are going to prove by contradiction that liminf„^„ ^ 1. Define Vn '■= 
Vn{- + Vn) and let p > and R' > such that 

V{ex)^V^ + p, V|x|^i?'. 

We have that, for any {wn)n C P^'^(M^) such that Wn weakly in 



V{ex)f'{Wn)Wn = / V{ex)f'{Wn)Wn + / V (ex) f {Wn)Wn 
^0„(1)+ / {y^ + p)f'{Wn)Wn 
^ 0,(1) + 0(p) + / V^fiWr,)Wn, (38) 

and, analogously, 

V{ex)f{wn) ^ o„(l) + 0{p) + [ V^fiwn). (39) 
Since 6'„f„ G A^oo, by ( l35l) and ( l38l) we have 

^oo/'(^nt^n)^nt^n + On(l) = / V^(£x)/'(t;„)^n 



^ 0„(1) + 0(p) + C / K»/'(^;n)t;n. (40) 



If we suppose that liminf„^„ > 1, then by (1^ and 



Br 



f {Vn)Vn ] < 7 / {Vn)Vr 



<o„(l) + 0(p). 



On the other hand, by the boundedness of (w„)„ and of (6'„)„, from ( l36l) we 
deduce that, up to a subsequence. 



R 



- - / {Vn)Vn ^ C > 0. 



^71 

Then, up to a subsequence, one of the following two possibilities holds: 
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z) ^ 1 : On ^ 1, 

ii) Vn ^ 1 : ^„ ^ 1 and lim.„ 6'.„ = 1. 
If i) holds, then by (El), ([35]) and ([391) we have 

[ \V{OnVn)\'- [ Ko/(W 
^ Jrn J^n 

^ I y{^^) {%f\Vn)Vn - f{er,vS] + 0„(1) + 0{p) 



.2' 

Ie{Vn) + On{l) + 0{p)- 



if holds, then, by 



Ie{Vn) -Coo> \ I \VVn\'' - I V{€x)f{Vn) 



2 



\VV^\'+ f V{ex){fienVn)-f{Vn)) 



2 



2 

+ o„(l) + 0(p) 
^o„(l) + 0(p). 

Both in the first and in the second case we can conclude that 

Coo ^ leiVrr) + 0{p) + 0„(1) = d+ 0{p) + 0„(1), 

and then, letting n go to oo and taking p smaller and smaller, we deduce 
Coo ^ which contradicts our hypothesis. 
So we have proved d = 0, that is 

By (f4) we deduce that 



On a "zero mass" nonlinear Schrddinger equation 



29 



and then, by (f2), (f3) and 

\Vv^\^ = I V{ex)f{vn)vn + o„(l) ^ 0, 



and we are done. □ 



Theorem 3.9. For any e > small enough, the sublevel /^°° is nonempty 
and, moreover, /eIa^ satisfies the (PS)- condition in the strip [cs,Coo)- 

Proof First observe that, by Theorem 13.61 and hypothesis (V4), for e 
small enough the sublevel /^°° is nonempty. 

Now, let {un)n C jVe be a Palais Smale sequence at the level A < Cqo, namely 

/,K) = A + o„(l), (41) 
J^|^^(n„) =o„(l). (42) 

Actually {un)n is a (PS)-sequence for the unconstrained functional, namely 

lim sup {r^{un),v) = 0. (43) 

\\v\\=l 

By Lemma 12.31 the sequence (u„)„ is bounded in P^'^(M^), and therefore 
there exists u G ■D^'^(M^) such that, up to a subsequence, 

Un n weakly in P^'2(M^), (44) 
Un ^ M in V{B), with B C M^, bounded, and 1 ^ s < 2*. (45) 

By (|42]), dBD and (051) J^(m) = 0, so 



Uu)=Uu)-\{I'Au),u)= [ V{ex) 



^nu)u - fin) 



> 0. (46) 



We set Vn = Un — u, so that our aim is to prove that f„ — > 0. We show that 
{vn)n satisfies all the hypotheses of Lemma | 
By P Lemma 2.8] and 



Is{Vn) = Ie{Un) " Ie{u) + 0„(1) = / - /^(n) + 0„(1) I - Ie{u) < C^. 

Moreover, again by P, Lemma 2.8], we infer that 

(/^(f„), Vn) = {I'eiUn), Un) - {l'e{u), u) + 0„(1) = On(l), 

and so we are done. □ 
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3.3 Proof of Theorem [TTSl 

Let 7 > and fix 5.„ 0+. 

Since cq < Coo, for n sufficiently large, c 1^"° and then Theorem 13.91 

implies that (PS)-condition holds in J^o+s,i^ fQ^. gjjiall e. Therefore, applying 
Theorem 13. II to our case, there exists at least cat jco+Sn{I^"^^") critical points 
of the functional 1^. Now by Theorem 13.71 up to take smaller e and greater 
n, we find at least caiM^{M) critical points of 1^ with energy less or equal 
to Cq + 5n- We need only to prove that such solutions are strictly positive. 
First we show that they do not change sign. Otherwise, we would have 
u e P^'2(R^) a critical point of 4, 

Is{u) ^ Co + 5„, (47) 

such that u = + u~, 7^ 0, where m+ = max{0, u} and u~ = min{0, u}. 
Since e A4, then Ie{u^) ^ Q ^ cq. But Ie{u) = Ie{u^) + ^ 2co 

which contradicts (H7I) . 

Now, since / is even, we can suppose that all these solutions are nonnegative. 
Actually, by the strong maximum principle, we argue that they are positive. 
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